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1 Introduction

Suppose u : 2 C R™ — R satisfies that its graph minimizes the area, among competitors
which fix the boundary.
Note that for any v : 2 C R” — R the area functional is given by

Area Graph(v / V1+|Vu|?de.

For any ¢ € C§°(Q2), we have

(Vu, Vo)
Area Graph(u + ty) /\/1+ Vul|?dx + dx
P ?) Vel 1+ |Vul?
2 2 2
W Vo - [(Vu Tl
Q

3
1+ [Vul2)32 5 TOE).




The minimality assumption implies that

a Area Graph(u + ty) = (Vu, Vo) =0. (1)

———dr =
dt 1t=0 a1+ |Vul?

This is the weak formulation of the divergence form elliptic equation

, Vu B
div (W) = 0. (2)

Or equivalently, to phrase it in non-divergence form
(9iu . 8j’LL

Ay — %Gt
" 1+ |Vul?

0;u=0. (3)
They are referred to as the minimal surface equation (MSE). They resemble the
familiar Laplacian equation Au = div(Vu) = 0.

Note that the condition (1) is only necessary for minimality: It just says that u is a
critical point of the area functional. However, because of the convexity of Area Graph(u-+
ty), minimality actually follows from stationarity. In fact, a calibration argument shows
that among all surfaces ¥ C Q xR with 0¥ = 0 Graph(u), we still have Area Graph(u) <
Areal, see [CM, Lemma 1.1].

We remark that not all minimal surfaces are graphical (i.e. given by the graph of a
function), for example the catenoid is a two-dimensional minimal surface in R? and it is
clearly not the graph of a function. We will focus on minimal graphs in this class, where
one can already see many interesting features and techniques in the regularity theory of
minimal surfaces. In particular, we will focus on the following Bernstein’s problem for
minimal graphs.

Theorem 1.1. Suppose u : R™ — R s a global solution of the MSE. Then

i) w must be linear when n <7, that is to say Graph(u) is just a hyperplane;

it) nonlinear solutions exist when n > 8.

This is in stark contrast with the classical Liouville’s theorem for harmonic functions:
Any harmonic function on R™ that is bounded from above or from below is a constant.
More generally, if a harmonic function is bounded by a polynomial of degree k£ near
infinity, it must be a polynomial of degree at most k. (e.g. there exists homogeneous
harmonic polynomial of any degree)

There are analogous theories for

e variational solutions of [, F(z,u, Vu)dz where F' is uniformly convex in the last
variable Vu (e.g. F(z,z,p) = 3|p|?).

Exercise. The Fuler-Lagrange equation for the functional fQ F(x,u,Vu)dz is

div(V,F(z,u, Vu)) — 0,F (z,u, Vu) = 0;

e prescribed minimal surface equation

—F u— ——=—=0;;u | =nH,
1+ [Vul ( L+ [Vu|2 ™

for given H,



e the stationary flow of irrotational compressible fluid
div(pVu) =0,
where w is the velocity and p = p(Vu) is the density of the fluid;

e equation for capillary surfaces in a gravitational field, etc.

On the other hand, even for minimal surface system, i.e. a vector-valued function u :
Q C R™ — R™ such that its graph minimizes the n-dimensional area in R"*™  the theory
is quite different.

2 Regularity ladder of second-order elliptic PDEs
To fix ideas, consider a linear elliptic PDE
div(A(z)Vu) + b - Vu (+cu) =0 (4)

or

sometimes with prescribed boundary data u = f on 992. Here A(z) = (a;;(x)) is assumed
to be an n x n real-symmetric matrix. Ellipticity means that there exists a uniform
constant A > 0 such that

a;;&&; > AE* for any € € R™\ {0}. (6)

Here I use the Einstein summation convention. Assuming certain differentiability of the
coefficients, these two forms of elliptic PDEs are interchangeable; but they each have
their own merits and some techniques are better suited to study one form than the other,
as we shall see below.

The equations (4) and (5) are linear in u: If w and v are two solutions of the same
PDE, their sum u + v also solves the same PDE. On the other hand the MSE is not
linear, and it belongs to a class of quasilinear elliptic PDEs

a’ij (fﬂ, u, vu’)glju + b(.’L‘, ’LL, VU) - 0) (7)

with the property that the coefficient for the highest order, a;;, does not depend on the
highest-order derivatives. The other examples mentioned in Section 1 are also quasilin-
ear elliptic PDEs; the p-Laplacian equation div(|Vu|P~?Vu) = 0 is another example of
quasilinear elliptic PDE.

Exercise. Check if the MSE and the p-Laplacian equation (for p # 2) are uniformly
elliptic.

Functional analysis (Lax-Milgram theorem) guarantees that for elliptic PDEs of di-
vergence form, weak solutions u € W12?(Q) exist and satisfy the weak formulation: for
any ¢ € Cg°(),

/Q(A(x)Vu, V) —b-Vupdr =0. (8)

Moreover, a function u € C?() that satisfies (4) in the classical sense also satisfies
the weak formulation (8). A natural follow-up question is: How regular is the weak
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solution? Historically this is Hilbert’s 19th problem: solutions to problems from calculus
of variations with analytic coefficients are analytic. Next we give a brief overview of
regularity theories of second-order elliptic PDEs. Proving some of the results below
rigorously will take an entire semester and will be a digression from the minimal surface
theory, but I still want to summarize known theories, in order to highlight the analytic
difficulty in studying the MSE.

1. u is bounded by the weak maximum principle supg, |u| = supyq |f|. Alternatively
lu| is bounded by the L? norm of u in a bigger ball, by Moser’s estimate.

2. Schauder estimates for non-divergence form: Assuming a;;, b; have Holder regu-
larity with norm bounded by A, we have

[ullcze < C'sup |u|

where C' depends on A and A. (See [GT, Chapter 6].) More generally, assuming the
coefficients have C** regularity with k = 0,1,---, we get estimates for the C*+2
norm of u.

Why is it natural to use the Holder space C** instead of the C? space? The proof
of Schauder estimates is a perturbative argument by freezing the coefficient, so that

aij(20)0ju = (aij(zo) — ai(2)) Ojju.

On the left hand side, we have constant coefficient a;j(x9). A model case for
constant-coefficient elliptic PDE is the Poisson equation Av = f. When f € C%,
it follows that v € C?%; however when f is merely C°, we can’t guarantee that
ue C?%

Check if the minimal surface equation, or a more general quasilinear equation
a;j(z,u, Vu)O;jju + b(x,u, Vu) = 0, satisfies both the elliptic condition and the
regularity condition required to apply the Schauder theory. Note that for the MSE

aij = i — %’rgﬁg It satisfies
€17 + [E°IVul? = (€, Vu) 2 €7 2
SEE = > >\ ,
@isGits 1+ |Vul? 14+ |Vu|2 — €7 >0

if |Vu| is uniformly bounded; and moreover if we also have bounds on the Holder
norm of Vu, the Schauder theory applies to show u € C*.

3. De Giorgi-Nash-Moser theory for divergence form! equation with bounded

measurable coefficients: Suppose u is a weak solution div(A(z)Vu) +b- Vu =0 in
Bs, with coefficients A(x) and b(x) merely measurable and bounded by A. Then
there exists a € (0,1) depending on n, \, A such that u € C%* and

[ullco.a(s,) < Csup |ul.
By
(See [GT, Chapter 8|, or [HL, Chapter 4].) Though phrased for linear PDE; this

theory is super useful for quasilinear equation where the coefficient a;;(x,u, Vu)
depends on the function itself and thus no continuity is expected apriori.

Krylov-Safonov developed the theory to prove analogous statement for non-divergence form.
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4. Tteration. Combined with the Schauder estimate, we now have that u € C?*.
Iterating this argument gives that u € C* for any & € N, and thus v € C*.
Analyticity follows by Morrey-Nirenberg.

Applications of De Giorgi-Nash-Moser theory to the MSE. Suppose u is a
weak solution to the MSE. We claim that its derivative v := Opu satisfies the following
PDE

_ _ 1 Vu® Vu
div(AVv) =0, where A=——(ld———+— .
(@ve) VI vap (i)

In the weak formulation of the MSE (1), we plug in test function ¢ = d¢n in order to
deduce the PDE satisfied by the derivative v := Jyu. Since (again we're using Einstein
summation convention)

8ju 8jk’l] _ 8ju Ojn . Bjku aj’)? _ auan 8k 1
V14 [Vul? VIFIVuR ) I+ [VeP T 1+ VP

( 8ju 8J’I7 ) 8jv 8]’17 &u @v
p—t k J——

+0
V1+[Vul?

JILvaE N AT Vap)y
thus by the integration by parts we have
(Vu,Vn) 9 O;u 0ju

/Q V1+|Vu|? (/14 |Vul?)

This is the weak formulation for the PDE

, Bjn] dr =0, forany ne C5°(Q).2

ST+ IV (VIFVup)

8i(dij8jv) = 0, where C_lij =

or in matrix form

_ - 1
div(AVv) =0, where A = —— (Id —M)
V14 |Vul? 1+ [Vul

Under the assumption that |Vu| is uniformly bounded, the coefficient matrix A is elliptic
and bounded. Hence we may apply the De Giorgi-Nash-Moser theory to conclude that
v = Opu € C% for some a € (0,1) (depending on the upper bound of |Vul|). This in
turn allows us to apply Schauder theory to the MSE.

To summarize, the regularity (and quantitative estimates of norms) of solutions to
the MSE relies heavily on the boundedness of the gradient. In fact, we can prove the
following twist of the Bernstein’s problem, using the De Giorgi-Nash-Moser theory:

Theorem 2.1. Suppose u : R* — R is a global solution of the MSE and the dimension
n is arbitrary. If |Vul is uniformly bounded in R™, then u must be linear.

Proof. By rescaling, we can show the following variant of the De Giorgi-Nash-Moser
estimate: Suppose v is a weak solution to div(A(z)Vv) + b- Vv = 0 in Byg, where the

2Note that using the difference quotient, we can show that v € W22, which makes the above calcu-
lation rigorous.



coefficient matrix A(-) is uniformly elliptic with parameter A and bounded from above by
A, and the coefficient b(+) is bounded from above by A/R. Then v € C%%, with estimate

R s 1@ =00

SO g =Sl ©)

where the constants o € (0,1) and C' > 0 only depend on n, A, A. )

Next we apply the above estimate to the function v = dyu solving div(AVwv) = 0. Let
%o, Yo € R™ be fixed, and let R be sufficiently large so that xg,yo € Bg. Then (9) implies
that

v(xg) — v
|[v(zo) — v(o)| < CRsup|o| < CMR,
|1"0 - y0|a Bsr
where M denotes the uniform upper bound of |Vu|. Passing R — +oo, we get that
v(xg) = v(yo), i.e. v is a constant. Therefore u is a linear function. O

Sketch of De Giorgi’s approach. Next we give a sketch of the De Giorig-Nash-
Moser theory, mainly following De Giorgi’s approach. We will only prove Theorem 2.2
rigorously, since the proof argument of choosing good test functions to get desired integral
estimates is the starting point of many estimates in the minimal surface theory and
calculus of variations. We also emphasize that the proof does not use linearity at all,
only the ellipticity and boundedness of the coefficient matrix A(-).

From now on, we always assume that A(-) is elliptic with parameter A > 0 (see (6))
and bounded from above by A.

Theorem 2.2. Suppose u is a subsolution to the operator L = — div(AV) in By, namely
/(AVu, Vp)de <0,  for any ¢ € CF(By) s.t. ¢ > 0. (10)

Then

supu < Cllu't||r2p,),
By

where ut = max{u, 0}, and the constant C' only depends on n, \, A.

Remark 2.3. The above estimate can be generalized to subsolutions of elliptic operators
with lower order terms and right hand side, namely div(AVu) + cu < f where ¢, f € L1
for some ¢ > n/2. See [HL, Theorem 7.3] for details.

Proof. Recall that C°(B,) is dense in the Sobolev space W, ”(B,). So the weak formu-
lation (10) in fact holds for all test functions ¢ € W,?(B,) such that ¢ > 0. In order to
estimate the upper bound of u, we consider v := (u— k)™ for £ > 0 large. Take a smooth
test function n € C%°(By) to be chosen later. Plugging the test function ¢ := vp? > 0
into (10), we get

)\/|Vv|2772 < /<AVU,V?)>T}2 < —2/nU(AVu, Vn)

<o / |Vl | V)

1/2 1/2
< 2A (/ ]Vv|2772> </ v2|V77|2) .



Therefore

/|Vv|2'r]2 < <%>2/02|V7]|2. (11)

This is usually referred to as a Cacciopolli-type inequality, where we bound the integral
norm of Vv by an integral norm of v, and it can be thought of a reverse Poincaré
inequality.

By the Sobolev inequality, we have

( / |vn|%) < [Ivenk < [,

where we use < to indicate bounded from above modulo a uniform constant (depending
on n, A\, A). Moreover Holder’s inequality implies that

[ton < ( [ 1ol )_ on # 043 5 ([ 190 o £ 0}

Fixing 0 < r < R < 2, we choose n € C2°(By) such that 0 <n <1, 7n=1on B,, and
|Vn| < C/(R — r) with a uniform constant C. It follows that

/Tﬁgﬁ(/BRUQ>|{meBR:v>0}|%. (12)

To write the above estimate in u, denote the super level set
A(k,r) :={x € B, : u(x) > k}.
Then (12) becomes

1 2
u—k2,§—</ u—kQ)Ak,R )
/A kS e ([ ) Ao )

For any two levels 0 < h < k, note that
A(k,R) Cc A(h,R), and |u—h|*> (k—h)*on Ak, R).

1 1 3
u—kI*< (/ u—nh 2) ,
/A(k,r) | | (R—=7)%(k — h)% A(h,R) | |

or equivalently by denoting ¢(k,r) = ||(u — k)" ||12(s,), we have

1 1 1+2

o) S gy (13)

We aim to show that the superlinear decay (i.e. the exponent 1+2/n > 1 above) as we
move from h up to k implies the existence of some level kyax such that ¢(kpax, 1) = 0. In
other words u < k. on By. We prove this inductively on the levels and radii. Consider
an increasing (but finite) sequence k, = A(1 — 27%) > 0 and a decreasing sequence
rp = 14+ 27% € [1,2], with index ¢ = 0,1,---, where A is a positive constant to be
determined later. Since

Hence

A
ke — ke =

25’ Te—1 —T¢ =

?a
the estimate (13) becomes

C 2 2
QO(/‘C(Z,T@) S FQE(H—")QO(]Q_D’I“@_l)H_n.
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Exercise. Suppose a positive sequence ay satisfies the super-linear decay as follows
ap < Mﬁea}ff‘, for some a >0 and > 1.

Show that a; — 0 as { — +00, as long as MagB"+/* < 1.

We claim that
¢(ko,m0)

A
with the constant v = 2%/2*! > 1, which immediately implies that o(k;,7,) — 0 as
¢ — +o0. The case for £ = 0 holds trivially. Assuming (14) holds for £ —1, it follows that

2 ¢
o(ke,me) < c 2@(1+%) (@(ko,ro))lh B C@(koaro)%’YH% <2l+%> @(ko,70)
) i Az

o(ke, ) < , forall ¢>0, (14)

= -1 Ax N s
_ C@(koaTO)%WH% SO(ko,To)
An v

by the choice of «; additionally we choose A such that the constant in front is 1, namely

n

A= (O@(ko,m)%"YH%) * =iy E0(0,2) = Cllut | 128

This finishes the proof of the claim (14). Since k; , A and r, N\, 1, it follows that
©(A,1) =0, and thus
u < A= C/’|U+HL2(BQ) on Bl-

Theorem 2.2 can also be used to give a lower bound for positive supersolutions:

Theorem 2.4 (Density theorem). Suppose u is a positive supersolution to the operator
L = —div(AV) in By, namely

/(AVU, Vp)de >0,  for any ¢ € CF(By) s.t. ¢ > 0.

Assume that
{x € By : u(x) > 1}| > €| Byl (15)

Then there exists a constant ¢ > 0 depending on n, \, A and € such that

infu > c.
By
Proof.
Exercise. Since u is a positive supersolution, one can check that v := (logu)~ is a

subsolution (since t — logt is concave).

Hence an upper bound on v gives a lower bound on u. On the other hand, the
assumption (15) implies that [{z € By : v(x) = 0}| > €|Bs|, hence Poincaré inequality
applies and we can estimate the L?-norm of v by the L?*-norm of its gradient. See [HL,
Theorem 4.9] for details of the proof. O



Theorem 2.5 (Decay of the oscillation of u). Suppose u is a weak solution to — div(AVu)
0 in By. There exists 6 € (0,1) such that

oscp, , u < oscp, u. (16)

Proof. Applying Theorem 2.2 to +u, we get that u is bounded from above and below in
Bl. Let
M =supu, m = supu.

Bl Bl
Consider the two solutions
M — u(x) q u(z) —m
—— —~ and ———
M —m M —m

which take values in [0,1] in By and add up to 1. So either one of them is > 1/2 on
half of the ball B;. Applying Theorem 2.4 to either one of them gives a uniform lower
bound ¢ € (0,1). Therefore we get the decay of the oscillation of w, with parameter
0=1—c. O

Note that the Holder regularity of u follows immediately from iterating the decay
estimate (16). This finishes the sketch of De Giorgi’s proof.

Going back to the MSE, we have shown that the regularity of solutions to the MSE
entirely boils down to estimating its gradient. In the 1960s Bombieri, De Giorgi and
Giusti proved the following interior gradient estimate, by studying PDEs on the minimal
surface Graph(u).

Theorem 2.6. Let u € C*(Bsygr) be a solution to the MSE in Bsg. Then for any x € Bg,
we have

(17)

|[Vu(z)| < Crexp (02 SupBZRZ_ u(x)) ,

where Cy, Cy are universal constants.

Before setting out to prove the interior gradient estimate, we need to introduce a few
preliminaries.

3 Preliminaries from geometric measure theory

3.1 Hausdorff measure

Definition 3.1. Let £ C R™ and s > 0. For any § > 0 we denote
Hi(E) = inf {Zwsrf : E C UB(mi, 1), r < (5} . owhere w, — ———
and the s-dimensional Hausdorff measure is defined as

H¥(E) = lim H5(E) = sup H3(E).

6—0 5>0



Remark 3.2. If we do not impose the restriction r; < ¢ or do not pass to the limit 6 — 0,
then for any £ bounded

H: (E) :=inf {Zwsrf EC UiB(xi,ri)} < diam(F)° < oo,

which does not reflect the true geometry of the set £.3 e.g. a fractal curve in R3.
Proposition 3.3. The Hausdorff measure in R™ satisfies the following properties:
i) H° is the counting measure, and H"(E) = |E|, the Lebesque measure of E;
ii) H*(AE) = NH*(E) for any A > 0;
iii) H*(L(E)) = H*(E) for a rigid motion L : R" — R™;
i) H*(E) =0 for any s > n;
v) let 0 < s <t < 400, then
H(E) < 00 = H'(E) = 0;
HY(E) >0 = H(E) = +o0;
vi) if H:(E) =0, then H*(E) = 0.

The above properties make it reasonable to define the Hausdorff dimension of sets
as
dimy(F) :=inf {0 < s < 0o : H*(F) =0}

Exercise. Show that the Cantor set in [0, 1] has Hausdorff dimension log2/log 3.

3.2 Area formula

Theorem 3.4. Suppose f : R" — R™ is an injective Lipschitz map, and 1 < n < m.
Then for any Lebesque-measurable set E C R",

) = [ Ifa)ds, (18)
where Jf : R™ — [0, 00| is the Jacobian of f and defined as
[ et (Vf(x)*V f(x)), if f is differentiable at x,
Tf(@) = { ~+00, if f s not differentiable at x. (19)

Remark 3.5. By Rademacher’s theorem, every Lipschitz function is differentiable almost
everywhere. So the Jacobian of f is finite almost everywhere.

Exercise. It is not too difficult to prove the following preliminary estimate

H"(f(E)) < Lip(f)"|E|.

3 Another downside is that HZ_ is not a Borel regular measure, unlike H?.
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Remark 3.6. When f is not assumed to be injective, we need to take into account the
multiplicities in order to write down an analogous area formula:

[ @i = ar) - /E Jf(z)de.

Proof of the area formula. Step 1. Area formula for linear maps. We aim to show
that the area formula (18) holds for any linear map L : R — R™ with 1 <n < m.

By the polar decomposition theorem in linear algebra, the linear transformation L can
be decomposed into a scaling and an orthogonal transformation. Namely, there exist a
symmetric map S : R” — R" and an orthogonal map O : R" — R™ such that L = 0o S.
Note that the Jacobian of L is a constant

JL = Vdet L*L = | det S|,
which exactly measures how much the linear map L distorts the area/volume of cubes @
H"(L(Q)) = H"(S(Q)) = [det 5] - |Q].
The statement for general measurable sets F

H"(L(E) _ H"(L(Q))
B Q|

follows from applying the Radon-Nikodym theorem for Radon measures, see [EG, Theo-
rem 1.30].

= |det S|

Step 2. Approxination of Lipschitz maps by linear maps. Consider the set
F={zeR":0< Jf(z) < 0}. (20)

Note that for any € F, by the polar decomposition we have V f(x) = O, o S, where
O, : R" — R™ is an orthogonal map and S, : R®” — R" is a symmetric map, such that
|det S| = Jf(x) € (0,00). In particular S, € GL(n). Using a dense subset of GL(n), we
aim to prove the following.

Proposition 3.7. For every t > 1, the set F' defined in (20) has a partition into Borel
sets {Fy}x such that for each k € N there is an invertible linear map Sy € GL(n) such
that f|g, ~ Sk. More precisely, for every x,y € Fj, and v € R",

7 Skx — Spyl < | f(x) — f(y)] < t[Skx — Spyl, (21)
t7Skv] < |V f(x)v| < t]Skvl, (22)
ISy < Jf(x) < " TS (23)

Remark 3.8. The first estimate (21) is equivalent to saying

Lip(f’Fk © (Skr)il) < t? Lip(Sk © (f’Fk)il) <t (24)

on their respective domains of definitions.
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Assuming Proposition 3.7, we can prove the area formula for any set £ C F. On one
hand,

HM(f(B) = > H'(F(ENF)) =Y H" ((flr o (Sk)™") o Sk(EN Fy))
<D Lip(flr o (S [Se(E N F)l
k

<t") JSk- |[ENFy by (24) and Step 1,
k

<t zk:/kaJf(x>dx by (23),

:t"/EJf(a:)dx;

on the other hand,

/EJf(a:) dr = ;/}M Jf(z)de < t";JSk | E N Fy
=" |S(ENFy)
= t”Ekj |(Sk o (fls)™") 0 F(EN F)
<" i Lip(Sk o (flr,) )" - H"(f(E N Fy))

<Y H'(f(ENF))
= t""H"(f(E)).

The area formula follows by passing ¢t — 1.

Now we are motivated to return to the proof of Proposition 3.7. To give us some
wiggle room, let € > 0 be fixed such that ' + ¢ < 1 <t —e. The space GL(n) has a
countable dense subset, denoted by G. For each S € G and j € N, let F'(S,j) denote the
set of points x € F such that

|f(z +v) — f(z) — Vf(x)v] <€|Sv|, forany v € R" such that |[v] < 1/, (25)

(™t +e)|Sv| < |Vf(z)v] < (t —€)|Sv|, for any v € R™ (26)

The set F(S, j) may well be empty, but when S € G is fixed, as j increases the set clearly
gets larger. In fact we claim that

F= |]J F(S)). (27)

Seg,jeN

This is because for each = € F, the linear map V f(z) has the polar decomposition as
above V f(z) = O, 085,, where S, € GL(n). Let § be sufficiently small (depending on the
value of |(S;)7!|), and let S € G satisfy |S — S,| < . We can guarantee that

1S, 087 =1(S; —S)o ST h+1d| <[5, —S||S7H+1<t—e¢,

12



and similarly
S0 (Se) <18 = SullSFH [ +1< (t7 +6)7"

Therefore for any v € R"
IV f(z)v] = [Og 0 Se(v)] = [Sa(v)] < (£ — €)]Sv],
and
5] = [(S 0 (Se) ™) 0 Spv] < (71 + ) [Sov] = (7 + €) V()]

This proves the estimates in (26). By the definition of V f(z) when f is differentiable,
we know

[f(z +v) = fz) = VF(@)v] < o(1)|v] < o(1)|S7]-|S].

By choosing |v| sufficiently small (depending on the point x), the right hand side can be
chosen to be bounded by €| Sv|.* We finish proving the claim (27).
Moreover, by letting {z;}; be a countable dense subset of F' C R", we also have

F= U (F(54)NB(=1/2).
S€g,ijeN
Hence for any =,y € F(S, j)NB(z;,1/2j), they satisfy (26) and thus (22) with S € GL(n);
and by letting v := y — x, since |v| = |y — x| < 1/7, the estimate (25) applies to show
[f(y) = f(@)] < |V f(x)v] + €| Sv| < t]Sv| = t|Sy — Sz,
and
[f(y) = f(@)| 2 IV f(2)v] — €|Sv| > t7"[Sv| = ¢Sy — Sal.

They are the desirable estimates in (21). The last estimates (23) follows from (22). [

It remains to study the singular set Fy := {z € R": Jf(z) = 0}.

Step 3. The nullity of the set f(Fp). Assume without loss of generality that Fj is
bounded (if not we simply replace Fy by its intersection with large enough balls that
eventually exhaust R"). For any = € Fy, since |det S| = Jf(x) = 0, we have that
P, .=V f(z)(R") = O,(S:(R™)) is a linear subspace in R™ of dimension k¥ < n— 1, where

k is the rank of S,.
Since f is differentiable at z, for any € > 0 there exists ro(e, ) € (0, 1] such that

|f(z+v) — f(z) = Vf(x)v] <€y, whenever v € R" satisfies |v| < ro(e, z). (28)
In particular, for any r < r¢(e, z) we have
f(B"(w,7)) C f(x) + New (Vf(2)(B"(0,7)),
where Ns(A) denotes the d-tubular neighborhood of a set A in R™
Ns(A) = {z € R™ : dist(x, A) < §}.
Besides, by the notation above we also know that
Vf(@)(B"(0,7)) € P, 0 B™(0, Lip(f)r),

and the right hand side is the intersection of a ball and a k-dimensional linear subspace,
k <n—1<m. To estimate the H"-measure of N, (P, N B™(0,Lip(f)r)), we observe
the following.

“Note that by choosing S sufficiently close to S,., we can always guarantee |[S™1| < 2[(S,)~!|.
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Exercise. Let A be a k-dimensional disk in R™ of radius s,
A={(z,y) e R* x R™ % : |2| < 5,y =0},
with k <n —1 <m. Then its §s-tubular neighborhood
Nio(A) C {(2,y) € RF x R™* |z < (14 6)s, |y| < 65}

satisfies

HL(Nss(A)) < Cos™,

by counting the number of ds-balls needed to cover Nss(A) and using the assumption
k <n —1. Here the constant C depends on the dimensions.

The exercise implies that
HL(f(B"(z, 7)) < HL, (Ner (P 0 B™(0, Lip(f)r))) < Cer™,
where the constant C' also depends on Lip(f). Note that the following collection of sets
F:={B"(z,r)) :x € Fy,0 <r <ro(e,x)}

form a Vitali covering of Fy, from which we can extract a disjoint family { B™(x;,r;)}; C F
such that
Fy C |_| B"(x;,r;), except for a set of H"-measure zero.
i

(See Vitali covering lemma in [WZ, Theorem 7.17], for example.) This allows us to
estimate

Ho (f(Fp)) < ZHZO(f(B"(xi,n)) < CGZ"‘? = S—j Z |B"™ (ws,13)| S €| N1(Fp)| < oc.

In the last two inequalities we use the assumption that ry(e, z) is uniformly bounded by 1,
and that Fj is bounded. Since € can be chosen arbitrarily, it follows that HZ (f(Fp)) = 0,
and thus H"(f(Fo)) = 0. Combined with Step 2, this finishes the proof of the area
formula (18).

In the special case of the graph of a function, we immediately have the following
expression of the area formula.

Corollary 3.9. Let u : Q — R be a Lipschitz function. Then for any measurable set

EcCQ,
H" (Graph(u; E)) = /E V 1+ |Vu(z)]? de. (29)

Proof. Consider the injective Lipschitz map f : R" — R"*! defined as f(z) = (z,u(z)).
We have V f(z) = (Id, Vu(z))?, and thus

det((Vf(2))*Vf(z)) = det(Id +Vu(z) @ Vu(z)) = 1 + |Vu(x)|*.
Therefore Jf(x) = /1 + |Vu(x)|?, and the area formula (18) implies

H"(Graph(u; E)) = H"(f(E)) = /EJf(:B) dr = /E V 1+ |Vu(z)|? de.
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3.3 Second variational formula

Let ¥ C R"*! be an n-dimensional minimal surface. Consider a variation of ¥ by the
map F : (—¢,€) x ¥ — R"! such that Fy = Id and for each t, F} is equal to the identity
map outside of a compact set. Let X and Z denote the initial velocity and acceleration
vectors of Fy, namely

d d?
dtle=o"' ’ dt? li—o”
Then for |t| < 1 we have
t2
Fi(z) =2 +tX, + 5%+ O(t%). (30)

By the area formula
Area(F,(S)) i= HM(F(D)) = /E TF(z) dH" ().

Next, we compute the Jacobian of F;. For any tangent vector 7 € T,%, by (30) we
have

t2
dF| (1) =7+ tV,. X + V-2 + O(t?).

Let {m, -+ ,7,} denote a local orthonormal basis of ¥, and {ej,- - ,e,11} denote an
orthonormal basis for R"*!. Then the map dFt‘m has matrix representation

2
(AF,),, =i + 19, X' + 5V, 70+ O().

Hence (dFt‘gC)* dFt‘x has entries

1

bij = (dFt‘x)ki (dFt}x)kj

1

1 1
(Sij +t [(TZ’,VT].X> + <Tj,vTiX>:| + t2 |:<VTZX, VT].X> + 5(7’1', VTJ.Z> + §<Tj, VTZZ>:| + O(t3)7

3
+

B
Il

where (-, -) denotes the inner product in R"*!. Using the formula
1 1
det(Id +tA +t°B) =1 +tTr A +1* (TrB + 5(Tr A)? — 5 Tr AQ) +O(t?),

and divs X := ) (7, V,, X), we have that

(JF)? =1+ 2tdivy X

. ) 1 2
+ 12 Z V., X|? + divy Z + 2(divy X)? — 5 Zj (73, Vo, X) + (15, Vo, X)) | +O(t%)
=14 2tdivy X
+ 2 D (VA X) P + dive Z + 2(dive X)? =) (7, Vo, X)(75, Vo, X) | + O(F),
L ¢ 2
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where in the last line, we have used (V,,X)* to denote the normal part of V. X i.e.
(VTrX)L =V, X — Z(vﬁX? Tj>Tj
J

Finally, we obtain

JF, =1+ tdivg X + — <Z| V. X)) +divs Z + (divg X)? Z(Ti,VTjX><Tj,VTZ.X>
1,J

+O(t%). (31)
Plugging (31) into the area formula, we conclude that

d

i Area(Fy (X)) = /Edng X dH", (32)

d2
dt? li=o0 —
Z’J

(33)

The stationarity of ¥ implies that fz: divys X dH"™ = 0 for every compactly supported
vector field X. In particular we also have fz divy Z dH™ = 0.

On the other hand, since ¥ has codimension 1 in the ambient space R"*!, assuming
it is orientable, we can reduce and simplify the above formula of vector fields into one of
functions.” Let X = fr where v is the unit normal vector to X and f € C2°(32). We have

divy X =) (1, V. X) = fzn,vy —fZAn_

where A;; = —(7;, V) denote the entries of the second fundamental form of ¥, and
H = Tr A denotes the mean curvature of . Since this holds for all test functions f, in
particular we have that H = 0. Moreover, since Vv L v, we have

(Vo X)t = (Vaf)v + [Vr0)" = (Vo) (34)
Hence (33) is simplified to the following second variational formula

d2

Gy ArealF(D) = [ (VsfP = |APF) an (35)

where Vy f denotes the tangential derivative of f on 3, i.e.

Vsf = Pra(Vf) =V = (Vfviv=> (Vf7)m

7

and |A[* = 7, - A%. By (35), the stability of the minimal surface X is equivalent to

(f,Lf) := /E (IVsfI? = |APf?) dH™ > 0, for every f € C°(X), (36)

5If ¥ has higher codimensions, the tangential derivative of the normal vector may not lie entirely on
the tangent space, so the expression (34) is no longer true, for example.
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where the self-adjoint operator L = —Ayx — |A|? is called the Jacobi operator (or the
stability operator).

In particular, applying the constant vector field e; to ¥ clearly does not change the
area of X. Namely, the normal variation F; with initial velocity

d

7 tzoFt = (ej, V)V

satisfies Area(F;(X)) = Area(X). So the second variational formula implies®
(vj, Lv;) = 0.

In fact for any minimal surface 3, v; = (e;, v) belongs to the kernel of the Jacobi operator
(referred to as the Jacobi field in the literature), i.e. Lv; = 0 for all j. We will give a
PDE proof of this fact later when ¥ is a minimal graph; but the second variation formula
justifies why the elliptic operator Ay + |A|? is meaningful on minimal surfaces.

As a result of the second variational formula, we can prove the following result about
the Simons’ cone.

Theorem 3.10. The cone
C:=CP = {(z,y) ERP xR : |z| = |y|} C R* (37)
18 stationary for all p, and is stable if and only if p > 4.

Proof. We first compute the second fundamental form of C. For any point (z,y) on C
with norm r,
(37, _y)

Viey) = ”

is the unit normal vector to C at (x,y). When p > 1 the tangent space at (z,y) can be
decomposed as follows

Tiay)C = {(1,0) € R? x R” : u L 2} J{(0,v) e R” x R” : v Ly} | J{(A\z, \y) : A e R}
It is clear that the second fundamental form in the radial direction is trivial, since
V(z »)v points to the normal direction.

For a unit tangent vector (u,0) € T(,,)C, i.e. u L x and |u| =1 in RP, we have

VoV = (%,0) .

This implies that the principal curvature of C' in the (u, 0)-direction is 1/r. Similarly, for
a unit tangent vector (0,v) € T(,,)C, we have

v
v v = (07 __) )
0V ,

and thus the principal curvature in the (0,v)-direction is —1/r. Therefore the mean
curvature H vanishes, and the second fundamental form satisfies

ar=p-n () oo (1) =2l (39)

r2

6Note that this observation is true regardless of the stability of the minimal surface .
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In particular C' is minimal /stationary.
We study the second variational formula using the separation of variables. Let ¥ :=
O N'S*~! denote the link of the cone. Then

1
IVeflP = f2+ T—2|sz|2~

Suppose f(rf) = ¢(r)u(f), where r > 0 and 6 € . By a weighted Hardy’s inequality,
the second variation formula becomes

QUL = [ VefP ~ Ack e
c
:/ ¢2r2p—2dr-/u2d’}{2p_2-l—/ ¢2T2p_4dr-/ |Vsu|* — |As|?u?dH* 2
0 b 0 5

(20 —=3)% [* 45 9p s 2 17,2p—2 % 9 ap4 2 2.2 17,2p—2
> = 4 O rPdr - [ urdHP T + ¢ r P dr - Vsul|® — [As[ u dH™
0 » 0 o

* 9 2p—4 2 (2p—3)2 2 17/2p—2
2/0 o°r dr-[/E|Vgu|+<T—2(p—1)>udH ],

which is non-negative whenever p > 4. Hence C'is stable whenever p > 4. Since the above
inequality is sharp (i.e. equality in the weighted Hardy’s inequality can be approximated
by a sequence of test functions ¢), we also show the instability of C' when p < 4. O

4 Interior gradient estimate for the MSE

We will prove the interior gradient estimate in Theorem 2.6, which we restate here:

Theorem 4.1. Let u € C*(Bsgr) be a solution to the MSE in Bsg. Then for any x € Bg,
we have

(39)

|Vu(z)| < Crexp (02 SUPBy U u(z)) ,

R

where C1, Cy are universal constants.

Step 1. Let ¥ denote Graph(u). Since ¥ is a minimal surface in R"*' we claim
that its unit normal derivative v satisfies the equation Agv + |As|*v = 0. (Recall that
L = Ay + |As|? is the stability /Jacobi operator introduced in Section 3.3.) In particular
when 3 is given by the graph of u, one of its unit normal derivative is given by

,_ (Y1) o

V14 [Vul?

Thus vu1 = 1/4/1 4 |Vul? > 0 is in the kernel of L.” Consider the function

w = —log(vn41) = log(v/1 + [Vul?). (41)

It satisfies

3 :=L42|2—F|‘72u4?
Vn+1 Vnt1

v A Vi |
Asw = — divs (—E””“> _ Bevanr | [Von]

Vn+1

"Note that Agv + |[Ag|?v = 0 holds for any minimal surface. However, as long as one of the
components of v has a sign, locally ¥ can be written as a graph pointing in the direction of that
component. So already in Step 1, the proof relies on the assumption that 3 is graphical.

18



In particular
Asw > |Vsw|* > 0, (42)

i.e. w is a sub-harmonic function on X.

Step 2. We claim that any non-negative sub-harmonic function w on a minimal
surface ¥ satisfies the sub-mean value property:

1
w(0) < / wdH". 43
O<im |, (43)

Here we state the mean value property centered at 0 € 3 for the simplicity of notation®,
and we always assume 0 < 3R < dist(0,0Y). In fact, we will show that the ratio on the
right hand side of (43) is monotone non-decreasing with respect to R. Since the ratio
tends to w(0) as R\, 0, (43) immediately follows.

Assuming the above two claims are true, we will prove the interior gradient estimate
using PDE arguments in the spirit of De Giorgi’s proof of the L*° estimate in Theorem
2.2. By the definition of w in (41), to get a pointwise estimate of |Vu| it suffices to the
estimate the integral on the RHS of (43). To fix notation, let h = /1 + |Vu|?2. By the
area formula (29), h measures the change of volume from Q C R" to ¥ = Graph(u);
besides, 1/h is also the coefficient in the divergence-form MSE.

Step 3. Note that

2
/ wd?-["g/ whda::/ wl + [Vul’)
YNBr |z|,|u|<R |z|,|u|l<R h

el Jul<r P aljul<r P

2
< w, R" +/ w|Vul dx, since 0 < w =logh < h.
jaljul<k Tt

w|Vul?
z|,Jul[<R h dz.
Since it involves |Vu|?/h, we use the minimal surface equation for u. To that purpose,

we plug in the test function ¢ = ugwn, where ug is defined as

So we need to estimate f|

2R, ifu> R,
up =< u+ R, if |u| <R,
0, if u < —R,

and n € C°(Bsg) satisfies 0 <np < 1,n=1on Bg C R" and |Vn| < C/R. From the

weak formulation .
/—< U}L #) dr =0,

we deduce a Cacciopolli-type inequality”

2
/ wlVul dx < C’/ wdx + C’R/ n|Vw| dz. (44)
|z],|ul<R |z|<2R,u>—R

|z|<2Ru>—R

8n other words, we assume that 0 €  and u(0) = 0.
9Here we also use the simple observation that for any vector a, we have |(Vu, a)|/h < |Vu|/h-|a| < |a.
Hence the terms on the RHS do not contain |Vu.
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Step 4. Since the second term on the RHS of (44) involves Vw, we need to use the
equation of w to estimate it. Note that (42) is a PDE on X, we need to first rewrite it as
an integral over ¥ and change Vw into Vgw.

Firstly we observe that for any function g € C*(R™*!) in the ambient space,

Vig=0on ¥ = |1]|Vyg| < |Vxgl.

This is because [(Vg, v)[* = |3, 059 v;1* < (1 —17)|Vg[*, and thus [Vyg|* = [Vg]* —
(Vg,v)]? > |1]?|Vg|?. Applying to the function w, which is independent of the x,,-
variable, we have that

dH
< - n

/|x|<2R’u>_R77|Vw|d9: < /Enmn|Vw| —1+|V B _/¢|ng|d7{ (45)
Here ¢(z,Tn41) = n(2)7(2,41) > 0 is a test function in the ambient space R"*!, with the
function 7 € C(—-2R, R + supp,,, u) satisfying 0 <7 < 1,7 =1 on [~R,supp,, u| and
7' < C/R.

To estimate the last term, we plug the non-negative test function ¢? into the weak
formulation of (42) and get

/|ng|2¢2d7{" < —2/¢<vzw,vg¢>.
) )
Applying the Cauchy-Schwartz inequality to the right hand side, we obtain
/ Vsw|?¢?dH™ < 4/ |Vso?’dH™ < CR*H"(X N supp ¢).
) b

Hence

/ 6| Vsw|dH" < CR™H™ (S A supp é). (46)
by

Step 5. It remains to estimate H"(X N supp ¢) < f|x|<2R us—og Pdx. We remark that
since w < h, the first term on the RHS of (44) is also bounded by it.

Note that
Vul*  1+|Vu> 1 " 1
h h h h’
and 1/h < 1. The integral estimate of h is reduced to that of |Vu|?/h, which is very
similar and in fact simpler than the estimate (44) in Step 3. Plugging the test function
¢ = (u+ 2R),n into the MSE (here we need to choose n = 1 when |z| < 2R and that n

is supported in |z| < 3R), we get'®

2
[Vl —dz < Vinl(u QR)+dx < CR"(1+ sup u/R).
h h
|z|<2R,u>—2R |z|<3R

Hence

2 su U
/ hdxg/ (1+|W|)dm§0Rn(1+M).
|z|<2R,u>—2R |z|<2R,u>—2R h R

10 Alternatively, we could also use the test function ¢ = un, in which case the upper bound will be
CR" -supp,,, |u|/R,where we need the boundedness of u both from above and from below.
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In other words, we have shown

H" (X Nsupp ¢) SUD|,<3R U)
wy R R

Combining the estimates (45), (46), (47) and plugging into (44), it follows that

2 su U
/ wiVul” o < opr (1 4 SPlal<sr @ ) .
le| Jul<R R

(47)

gc(1+

Therefore

1 SUP|g|<3r U
1 1+ |[Vu(0)]?) = w(0) < dH" < C(1+ ————
oB(VIT IVHl0)F) = w(®) < e [ i < 0 (14 TR0

and finally

|Vu(0)] < C)exp (C’g sup u/R)

|z|<3R

assuming that u(0) = 0. This finishes the proof of (39).

To prove the claims in Step 1 and 2, we introduce some notation. Recall that the
tangential derivative on X is

VEf:Vf—<Vf>V>V7

where V f is the gradient of f in the ambient space R™™!. Let §; denote the i-th compo-
ment of Vy, fori € {1,--- ,n+ 1}, ie.

oif == 0if = (V[f.v)u,
where 0; f is the directional derivative of f in the e;-direction. Then
Asf =dive(Vsf) = 6:0:f.
Under this notation, the MSE is equivalent to
0iv; = 0. (48)

In fact, by (40) and |v| = 1 we have

61'7/1' = 81'7/1' — (8jyi)yjyi = Z@Z (%) — <8ju, I/>I/j

— 1+ |Vu
2
1+ |Vul? 2

We also observe the following properties:
i) vidif = (v, Vsf) =0;

ii) 0;,v; = ;v; for any pair 4,5 € {1,--- ,n + 1} (this is the same as saying Vyv is a
symmetric matrix);
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111) 51(5]](. — 6351]0 = (Viéjyg — deil/g)égf.

Therefore
Azl/k = 51521/]C = 515]9V2 by 11)
= 5k5iVi + (Vi(skl/g — l/k(sil/g)égyi by 111)
=0+ 6pvp - vibive — vi|dive]? by (48) and ii)
= —| A by 1).

We remark that for general hypersurfaces 3, the above equality shows that Axv+| Ay [*v+
VsH = 0.

To prove the sub-mean value property (43) for non-negative sub-harmonic func-
tions, we consider a radial test function ¥ (r) = ¥ (|z|). We have

and by the MSE (48),
Ast(r) = 60(r) = (54 — vy =) 6 (r) + (cx (WJ
(1

-0 (47 - £00)
(;)

r r
' (r) z P'(r)
= + (w (r) —

r r
where for each unit vector u we use the notation u* := u— (u, v)v to denote its projection
onto Y. Since w is a non-negative sub-harmonic function on ¥, by the weak formulation
we have

)

)

/ wAs(r)dH" > 0, (49)

if the test function ¢ > 0.
Let x : Ry — R, be a non-negative, non-increasing test function supported in [0, 1],

and let p > 0. Letting
P(r :/ TX( ) dr,
) T P

we have ¢/(r) = —rx(%) and W' (r) — L0 = —2X'(5). Plugging into (49), we get

s

0= G QO]
L Ol Q) o
i Lo G e < [ (G 1= e <o




In other words, the map

1
pv—)—/wx(z> dH"
P Js p

is monotone non-increasing. By approximating the characteristic function with y, it

follows that the map
1

/ wdH"
wWnp" JonB,

is monotone non-increasing; and it is a constant if and only if

Z\E
)
in other words (z,v) = 0 and that ¥ is a cone.

In particular, w = 1 is clearly a non-negative sub-harmonic function, and thus the
density ratio

p

2

1-— =1 forallx el

H™ (XN B,(xo
p ( np( ) =: Ox.(xo, p) (50)
WP
is monotone non-increasing; and it is a constant if and only if ¥ is a cone with vertex at
xo. This monotonicity formula will be very useful later.
We have finished proving the interior gradient estimate in Theorem 2.6. By the

discussions in Section 2, higher regularity immediately follows:

Corollary 4.2. Suppose ) is a domain in R™ and u € C?*(Q) is a solution to the MSE.
Then u € C*(RY), and for any x € Q and any multi-index 3 with |3| = k € N, we have

|DPu(z)] < C
where C = C(n, k,sup |ul, dist(z, 02)).

Combined with Theorem 2.1, the Bernstein theorem assuming bounded gradients, we
obtain the following analogy of the Liouville’s theorem for harmonic functions:

Corollary 4.3. Suppose u € C*(R") is a global solution to the MSE. Assume u is bounded
on one side by a cone, i.e.

u(z) < C(1+ |z|) for all z € R" (51)

for some constant C' > 0. Then u must be linear.

Impressionistic sketch of what’s to come next. As Corollary 4.2 says, solutions
to the MSE are smooth on the interior; and Corollary 4.3 shows that non-trivial global
solutions have super-linear growth at infinity. This motivates the following blow-down
argument: For any g € ¥ and R < 1, we consider the rescaling of ¥ as

> — Zo

ER = R y

and study the limit of Xp as R  4o00. In general there’s no reason why the limit
exists, but assume that the sequential limit exists, that is: for any sequence Ry — +0o0,
modulo passing to a subsequence Xg, converges to some Y., (which is often referred

23



to as a tangent of ¥ at co); and also assume if ¥ is a minimal hypersurface (resp.
minimizing), the corresponding tangent Y., is also minimal (resp. minimizing). Then
morally speaking, for any p > 0 we have (assuming a strong enough notion of convergence)

Or(p) = m Oz, (p) = lim Ox(zo, Rip) = (0, +00).
By the rigidity of the monotonicity formula (50), it follows that Y., must be a cone; and
Y 18 a hyperplane if and only if ¥ is also a hyperplane.
What does this blowdown process mean for the function u? If ¥ = Graph(u), then
Y, = Graph(ug, ) where

u(Ryy)

u = ,

and up, also solves the MSE. Formally speaking, let
o o u(Ryy)
)= e ) = e TR

If w were to violate (51) from above or below somewhere, we must have that

Pi={yeR":v(y)=+oc} #0, Q:={yeR":v(y)=—o0} #0.

This shows the limitation of restricting to minimal graphs, since this class is not closed
after taking the limit and v is not a finite-valued function. Assuming that P and @
account for the entire domain R", then ¥, being the boundary of the sub-graph of v,
corresponds to C' x R, where C' = 0P = 0@ in R™. Moreover, C' is not a halfplane; and
Yo is minimizing in R™™! implies that C' is minimizing in R”. On the other hand, we have
discussed that (at least among Simons cones) non-flat cones C' C R" are area-minimizing
if and only if n > 8. This explains the significance of the dimension; and it also implies
that non-trivial global solutions must blow down to ¥, = C x R, and knowing what
non-flat minimizing cones C' there are indicates what the behavior of non-trivial global
solutions near co.

In the second part of the topic course, we will (largely depart from PDEs and) intro-
duce the necessary tools to make the above discussion rigorous.

5 Compactness among sets of finite perimeter

As we explained in the synopsis, the family of minimal graphs will not be closed (unless
perhaps if we include the graph of functions taking values in the extended reals RU{+o0}).
Instead, we will work with the more general class of sets of finite perimeter, which are
essentially measurable sets in R® whose boundaries can be measured.'*

Definition 5.1. Let E be a measurable set in R". We say that E is a set of (locally)
finite perimeter in R" if

sup{/ divX : X € CHR™R"), |X| < 1} < 00.
E

"The materials of this section are mostly based on [Ma, Chapters 12 and 21]. We refer interested
readers to [Mal], especially for the illustrative pictures accompanying the proofs.
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Proposition 5.2. Let E be a measurable set in R™. Then E is a set of (locally) finite
perimeter if and only if there exists a R™-valued Radon measure’® ug on R™ such that

/ divX = X -dug, for any X € C}(R™;R").
E

R

Moreover, under the above assumption, the total variation of ug satisfies |pue|(R™) < o0o;
and there exists an |ug|-measurable function vg : R™ — R™ with |vg| = 1 a.e. such that

pE = Ve|uE|.

Proof. The proof follows from Riesz representation theorem (for bounded linear func-
tional on the space C?(R™;R™)), see [Ma, Theorem 4.7 and Proposition 12.1]. The total
variation of the vector-valued Radon measure ug is defined as follows: For any open set
A CR”,

lpe|(A) = sup{/ divX : X € CHA; R, |X| < 1}.
E
We also define the (relative) perimeter of £ in A as
P(E; A) == |ugl(A),  P(E) = |ug|(R").
L]

The notion of sets of finite perimeter is motivated by the Gauss-Green theorem (di-
vergence theorem): Suppose E C R" is an open set with C! boundary, then for every
X € C;(R™R"),

/divX = [ X -vpdH" "
E OF
Clearly in this case, the map

X € CHR™R") / div X
E

is a bounded linear functional, which can be extended to C(R™;R") by density.
PDE-inclined people may prefer to think of sets of finite perimeter as a special case
of BV functions: A function f € L' has bounded variation in R if

sup{/fdiVX : X € CHR™RY), |X| < 1} < 00.

Roughly speaking, these are functions in L' whose derivatives are Radon measures, in-
stead of integrable functions. This notion fixes the issue that Wh! is not compact; in
fact it is the completion of the Wil space.

Example Consider a sequence of cuntions on (—1,1) defined as

0, if —1<x<0
ug(x) = kz, if0§$§%
1, ifi<z<l

12Radon measures are locally finite, Borel regular measures.
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They are uniformly bounded in L'(—1,1), and their derivatives all have L' norm equal
to 1. However, they do not (subsequentially) converge in W'1(—1,1); in fact, their limit

function
wpy = [0 —l<w<0
11, ifo<az<l

has derivative ¢y, the Dirac delta function at 0, which is a Radon measure.
It’s easy to see that E is a set of (locally) finite perimeter in R™ if and only if the
characteristic function xg is a BV function.

To study the compactness, we introduce the following notion of convergence (for sets
and Radon measures, respectively).

Definition 5.3. We say a sequence of measurable sets Fj converges to E, and write
Ey — E, if their set differences satisfy limy_,o, |EAFEL| = 0.

Definition 5.4 (Convergence of Radon measures). Let {u}, n be Radon measures on

R™ with values in R™. We say that p, — p if

lim o duy = / 0 - du, for any ¢ € C°(R™;R™).
Rn n

k—o0

Exercise. Let p. be a smooth approximation of the identity. If E is a set of finite
perimeter in R™, then

—V(xE * pe) = pp-
Exercise. Suppose pr — . Then

1. If U, K C R™ with U open and K compact, then
pU) <liminf py (U),  p(K) = limsup p (K); (52)
—00

k—o00

2. If A is a bounded Borel set with pu(0A) =0, then limy_, pr(A) = p(A);
3. For every x € supp u, there ezists a sequence {xy} C R™ such that

lim z, =2, xy € supp py for every k € N. (53)

k—oo

A family of sets of finite perimeter is compact, assuming a uniform bound on their
perimeters, see [Ma, Theorem 12.26 and Proposition 12.25].

Theorem 5.5 (Compactness among sets of finite perimeter). Suppose {Ey} are sets of
finite perimeter in R™ such that

sup P(Ey) < oo,
k
and there is a ball B C R™ such that each E, is contained in B. Then there exist a set
of finite perimeter, E, and a subsequence such that
Ex— FE, pg, —pe, ECB.

Moreover, the perimeter is lower semi-continuous: for every open set A C R™, we
have
P(E;A) <lim kinf P(E; A). (54)
—00
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Remark 5.6. The assumption that Ej’s are contained in the same ball is to pin them down;
without it, one can have a sequence of unit balls going off the infinity. Alternatively, we
can impose the uniform perimeter bounds assumption locally on compact sets, and obtain
a similar conclusion: If {E)} are sets of locally finite perimeter in R™ such that

sup P(FEy; Br) < o0, for any R > 0,
k

then there exist a set of locally finite perimeter £ and a subsequence such that
E, — E on any compact set, HE, — UE-

Proof. The main ingredient of the proof is to show the following. Consider the complete
metric space

X :={E C R": F is Lebesgue-measurable with |F| < co}
endowed with the metric
d(E,F) = |EAF|.
(Here we identify two sets F, F' € X if |[EFAF| = 0.) We claim that for any ball B C R"
and any p > 0, the set
Xp, ={E€X:ECB,PE)<p}

is compact. To prove the compactness, we just need to show it is closed and totally
bounded. It is closed, because of the lower semi-continuity of the perimeter. The con-
dition that X, is totally bounded means for any € > 0, there exists finitely many sets
Ty, -+, Tk € X such that for any £/ € X,

d(E,T;) <€ for some i € {1,--- , K}.

To prove this, we first observe that: Let E be a set of finite perimeter with |E| < oo,
then for every r > 0, there exists a finite union 7" of disjoint cubes of side length r such
that

|[EAT| < \/nrP(E).

See the details in the proof of [Ma, Theorem 12.26]. O

Sets of finite perimeter provide the framework to study the minimization problem
under the volume constraint.

Theorem 5.7 (Isoperimetric inequality). If E is a measurable set in R™ with |E| < oo,
then ) B
P(E) > nw; |E| . (55)

Equality holds if and only if |[EAB| = 0 for some ball B C R".

It is also natural to consider the relative isoperimetric problem in a set A C R",
namely
inf{P(E;A): E C A |E| =m}

where the volume constraint m € (0, |A|). In the case that A is a ball, one can prove:
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Theorem 5.8. Let t € (0,1). There exists a constant c(n,t) > 0 such that for any ball
B and any set of locally finite perimeter E such that |E N B| < t|B|, we have

P(E;B) > ¢(n,t)|EN B|"+ . (56)
In particular, the inequality with t = 1/2 implies that

P(E;B) > c(n)min {|EN B|,|B\ E|}"~ . (57)

Lastly, we have the following structure theorem for sets of finite perimeter.

Theorem 5.9. If E is a set of locally finite perimeter in R™, then there is a set O*FE C
supp ug C OF called the reduced boundary of E, such that

pp =vEH" oep, el = H" o p.
Thus the generalized Gauss-Green formula holds:
/ divX = X -vpdH", for any X € C(R™;R™).
E O*E
Moreover O*E is (n — 1)-rectifiable, meaning that
0"E=Nu| |5,

ieN
where ; is a compact subset of a C*-hypersurface M; in R™, H" *(N) =0, and for any
x € %, vp(x) is a unit normal vector to the hypersurface M; at x.

Proof. See [Ma, Section 15.2]. In particular, the reduced boundary consists of points x
near which xg blows up to the characteristic function of a halfspace

H,:={z€R": (z,vg(z)) <0}.
U

Exercise. 1) For the set of finite perimeter E = B(0,1) \ the positive x;-azis in R?,
we have
0"FE =0B(0,1) C 0FE.
In fact, we have that pp = pp where F = B(0,1) and |[EAF| = 0. (From the

viewpoint the Gauss-Green formula, the sets E and F are indistinguishable, even
though OF 2 OF'.)

2) For the set of finite perimeter E = a unit square in R?, 9*E = OFE\ the four vertices.

3) Let E be the complement in R? of the four-corner Cantor set. Somewhat counter-
intuitively, E is also a set of finite perimeter, but with O*E = (.

The above examples show that despite the nice characterization of ug and the reduced
boundary in Theorem 5.9, there are gaps in the inclusion below 0*E C JE. For t € [0, 1],
let

r—0 Wpr™

ENB
E® .= {x € R" : lim M exists and is equal to t} )

By the Lebesgue density theorem, we have £ = E® and R* \ E = E© modulo sets of
Lebesgue measure zero. By the characterization of the reduced boundary in Theorem 5.9
above, we know that 0*E C E(/?)_ In fact, we also have the density characterization for

Hn—l:
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Theorem 5.10 (Federer’s Theorem). If E is a set of (locally) finite perimeter in R™,
then O*E C EV/2 c R*\ (E© U EW), with

H LR\ (EQ U EW))\ 9*E) = 0.

Proof. By the relative isoperimetric inequality (57) and the trivial bound |[EN B(x,r)| <
wypr™, we have

P(E; B(z,1)) > ¢(n) min{

I

rn rn

|[EN B(xz,r)| |B(x,r)\ E| } .

Hence if z ¢ E© U EW | the lower density of |pug| = H"*
and thus

o+p at x is strictly positive,

R\ (EQUEDN\E C {z e R"\O"E:0;_(H" " |op)(zx) >0}.
The analogue of the Lebesgue density theorem for H*, see [Ma, Corollary 6.5], implies
that the latter set is H" !-negligible. O

Definition 5.11. Let E be a set of (locally) finite perimeter, and A be a bounded open
set in R™. We say that F is a perimeter minimizer in A if supp ug = OF and

P(E;A) < P(F;A), whenever EAF CC A.

We say F is a perimeter minimizer in R” is it is a perimeter minimizer in any bounded
open set A C R"™.

Remark 5.12. The assumption supp pg = OF is not too restrictive: In fact, for any set
of (locally) finite perimeter F, there exists a Borel set F' such that

|[EAF| =0, supp pup = OF.

To prove the compactness of perimeter minimizers, there are two issues we need to
resolve: firstly, prove a uniform upper bound on the perimeters in any ball, so we can
appeal to the compactness result for sets of finite perimeter in Theorem 5.5; secondly,
show that the limit also minimizes the perimeter and this is a closed family.

Theorem 5.13 (Density estimates for perimeter minimizers). There exists a constant
c(n) > 0 with the following property. If A is an open set in R™, and E is a perimeter
minimizer in A, then for any x € OE N A and r < dist(z, 0A), we have

1 |EnB(x,r)| 1
S G b Sat A DGl EUN
2n — Wyt =1 2n’ (58)
P(E;B
cm) < PEBET) o, (59)
In particular,
H" L ((OE\ 0*E) N A) = 0. (60)
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Proof. Note that
H" 1 (O0*ENIB(x,7)) =0, for a.e. r < dist(z,0A). (61)

For every such r, let F' := E\ B(z,r). Since EAF CC B(x,s) C A for any r < s <
dist(x,0A), we have

P(E;B(z,s)) < P(F;B(x,s) = P(E \ B(z,r); B(x, s))
= P(E; B(z,s) \ B(z,7)) + H" " Y(EW N dB(x,7)).
Letting s — r+, it follows from (61) that
P(E;B(z,r)) < H""YEWNOB(x,r)) < P(B(z,r)) = nw,r" L.

This proves the upper bound in (59).
It also implies

P(ENB(z,r)) = P(E; B(z,7)) + H" Y(EY N oB(x,r)) < 2H" Y (EW N OB(x,7)).

Thus by the isoperimetric inequality (55),

nwi |EN Bz, )" < P(EN Bz, 1) < 2H" Y(EM N 8B(z, ).
Let m(r) := |[EW N B(x,7)| = |EN B(z,r)|. We have

1 e
nwrm(r) s < 2m/(r), for a.e. 7.

Integrating this inequality, we get m(r) > w,r™/2", which is the lower bound in (58).

Applying the same argument to R™ \ E, which is also a perimeter minimizer, gives the

upper bound in (58).

The lower bound in (59) follows from the relative isoperimetric inequality in the ball,
see (57). And lastly, (60) follows from Federer’s Theorem 5.10. O

Theorem 5.14 (Pre-compactness for perimeter minimizers). Suppose {Ey} is a sequence
of perimeter minimizers in the open set A C R™. Then for every open set Ay CC A with
P(Ap) < oo, there exists a set of finite perimeter E C Ay and a subsequence such that

Ek N AO — E7 MELNAg — UE-

Proof. By the proof of the density estimates, for any x € Ay and » > 0 such that
Ey N B(z,r) # 0, we have

P(E, N B(x,r)) < P(Ey; B(x,r)) + P(B(z,7)) < nw, (2r)" ! 4+ nw,r™ !,

uniformly in k. Therefore we may apply Theorem 5.5 to extract a convergent subsequence.
O

Lastly, we show that the limit £ above also minimizes the perimeter.

Theorem 5.15. Suppose {Ey} is a sequence of perimeter minimizers in the open set
A CR", and Ay CC A is an open set with P(Ay) < oo such that Exy N Ay — E for a set
of finite perimeter E. Then E is a perimeter minimizer in Ag.

Moreover,

HENAy — ME, ‘MEIJ - ’/“LE‘ in A07 (62)
and that
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i) if vx € OB, N Ao, xr, — x € Ay, then x € OE;
i) if x € OE N Ay, then there exists {x} C OE, N Ay such that x, — x.

Remark 5.16. In fact, near a regular point z € 0*E N Ay, we can say more about the
convergence: for k sufficiently large z;, € 0*E; N Ay and that vg, (v;) — ve(z).

Proof. Step 1. Suppose F'is a set of finite perimeter such that EAF CC Agy, we aim to
show that

To use the minimality of F}’s, we want to modify the set F' so that it becomes a competitor
of Ey. For any x € Ap, we have that for a.e. 0 < r < r, := dist(z, 0A)

H N O*FNOB(x,7)) =0=H"0"E,NIB(x,7)), for all k, (63)
lim inf H Y (EWAEM) N oB(x,r)) = 0. (64)

The last equality follows from:

0= lim [(BAE) N B(x,r,)| = lim (EOWAEMY N B(x, 1)

k—00

—lim [ H(EWAED) N OBz, 1)) dr

k—o00 0

> / liminf H O (EWAED) 0 0B(x, 1)) dr.
0

k—o0

Since FAF is compactly contained in Ay, it can be covered by finitely many such balls,
ie.

N
EAF cCc G := UB(I‘Z,’Q)
i=1
with ; € Ap and r; < dist(x;, 0Ay) such that (63) and (64) hold. In particular, it follows

that
H" YO FNOG) =0=H"0"E,NOG), for all k,
lim inf H 1 (EWAEM) N aG) = 0. (65)

Define a set of finite perimeter
Fr, = (FNG)U (E, \ G).
Then ELAF, C G CC Ay, i.e. F} is a competitor of E) in the open set Ay. Hence
P(Ey; Ay) < P(Fy; Ag) < P(F;G) + P(Ey; Ao\ G) + H1(9G N (FOAED)),

which implies
P(E;G) < P(F;G) + 1" (8GN (FVAEM)).

Passing k& — oo and by the lower semi-continuity of the perimeter (see (54)) and (65),
we have

P(E;G) < li}gnian(Ek;G) < P(F;@G).

Since FAG CC G, this shows that E minimizes the perimeter.
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Modulo modifying E on a set of Lebesgue measure zero (which doesn’t affect the
convergence Ey N Ay — E and the perimeter minimality of E), we can guarantee that
OF = supp ug.

Step 2. The convergence of the vector-valued measures

HENAy — ME (66)

follows from E, N Ay — FE. By the density upper bound, their total variations also
converge: there exists a Radon measure p such that

BN — 1 (67)

In general, there could be cancellations in the vector-valued measures (g, a4, which lead
to ug to have a smaller support; and we aim to prove that for perimeter minimizers E}’s,
this does not happen and that |4, = |ug| restricted to Ay as desired.'?

Firstly, we claim that the convergences of (66) and (67) always imply that g > |ug|.
For any bounded open set V' C R", let § be sufficiently small and let ¢ be a smooth test
function such that

xvs < ¢ < xv, where Vs := {z € V : dist(z,0V) > d}.

By (67) and the definition of the total variations |pg,na,|, |/te|, we have

pV) > /sodu = ,}Lrilo/sodluEknAol > limsup [1g,na0|(Vs) 2 |isl(Vs)-

k—o0

By taking a sequence ¢; — 0 such that [ug|(0V5s;) = 0, we obtain that [ug|(V) < u(V),
and thus |pg| < p on any Borel set.

On the other hand, let x € supppu N Ag and 0 < r < r, := dist(z,dAp). Arguing as
in Step 1, we may consider the set

Fr:=(ENB(z,r)) U (Ex \ B(z,7))
for a.e. r < r,, which is a competitor for the minimizer F in Ay. Hence
P(Ey; B(z,r)) < P(E; B(z,7)) + H" Y (0B(z,r) N (EVAEM)).
Combined with (52) and the choice of a.e. 7, we have
p(B.r)) < liminf g, 0, (B, 7)) = liminf P(By; Bz r))
< P(E; B(z,r)) = [up|(B(z,7)).

Combined with |ug| < p, we conclude that these two measures agree on Ay.

Step 3. The statement ii) always follows from |ug, | — |pug| and (53). To prove i), let
xp € OF, N Ap such that z, — o € A. Let s > 0 such that B(x,2s) C Ap. Then for k
sufficiently large B(zy, s) C B(x,2s). Again by |ug, | — |ug| and (52), we have

\ng|(B(z,2s)) > limsup |pg, |(B(x,2s)) > limsup P(Ey; (B(z,s)) > c¢(n)s" !,

k—o0 k—o0

by the density lower bound for perimeter minimizers (see (59)). In particular, it follows
that x € supp ug = OF. O

13For experts, the possible gap between y := lim |pp, ~4,| and |pg| is due to the discrepancy between
the convergence of currents and varifold convergence.
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In the proof of Theorems 5.13 and 5.5, we have heavily used the minimality assump-
tion. The study of analogous compactness results among sets of finite perimeter which
are merely stable (or have finite Morse index, or just stationary, respectively) is much
more difficult and closely related to the regularity theory of minimal surfaces. We refer
interested readers to [SS].

6 Asymptotic behavior of global minimal graphs

Now we're ready to combine all the ingredients to prove the following theorem, see [Sil,
Theorem 2.

Theorem 6.1. Suppose u is a C? solution of the MSE on R™\ Q, with 2 bounded. Then
a) either Vu(x) is bounded and has a limit as |x| — oo;

b) or else all tangent cones of Graph(u) at oo are cylinders of the form C x R, where
C is a (n — 1)-dimensional minimizing cone in R™ and 0 € sing C'.

Remark 6.2. Since there are no non-flat stable minimal cones in R™ when n < 6, the
second alternative is impossible in low dimensions. This finishes the proof of the Bernstein
theorem in low dimensions. In high dimensions, the second alternative also indicates what
the behavior of non-trivial solutions should be near oco.

Assume without loss of generality «(0) = 0. Recall by the interior gradient estimate,
we have either |Vu| is bounded, or else by applying Theorem 2.6 to u and —u,

_ supp U ~ infp, u
lim ——— =+00 and lim —— = —oc. (68)
pj—r0 pj pj—r0 10]

Blow-down procedure. As we discussed in the end of Section 4, the class of minimal
graphs is not closed, since the interesting behavior happens when they tend to 4oo.

Instead, we consider a minimal graph as the (reduced) boundary of a set of locally finite
perimeter, which is the subgraph of u: Let

E = SGraph(u) :=={(z,y) :x € R"\ Q,y <u(x)} CR" xR

be a set of finite perimeter in R"™ \ Q x R and ¥ := JE = Graph(u). By the interior
gradient estimate E is actually a smooth domain with C? boundary, so in particular
0*E = 0F = X. We consider rescalings of £ by R > 1, namely

Er = % = SGraph(ug), Xpg:= 0FEr = Graph(ug),
where ug(y) = u(Ry)/R for y € R™\ Qg also solves the MSE, with Qg := Q/R. Each Eg
is a perimeter minimizer in R"™! and passes through the origin. Then by the compactness
proven in Section 5, for every sequence R, — 0o, modulo passing to a subsequence we
have Fj, := Egr, — a perimeter minimizer E., uniformly on compact sets in R"*\ {0} xR.
Moreover, we have

i) the generalized hypersurface in the limit ¥, := 0E,, = supp pug,, satisfies H"(Xoo \
0*E) = 0, by (60);
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ii) the Gauss-Green measures satisfy pug, — pup, and |ug, | = H"|op, — |pe.| =: 1;
iii) ¥ — Y in the Hausdorff distance sense, again by Theorem 5.15.

Our goal is to prove that X, = C' X R for some cone C' C R". Then the minimality of
C follows from the perimeter minimality of F.,. To that end, we study the properties of
Yoo-

By the De Giorgi/Allard regularity theorem, for any p € ¥, with density 1, i.e.

r—0 Wpr™

=1,

there is a neighborhood around p such that ¥ is a CY® minimal graph over some
n-dimensional hyperplane. As we have seen in Section 1, the regularity of ¥, can be
upgraded to C'*°. This indicates that any p € 0* E, is a regular point, denoted as reg ..
Combined with i), we know that the singular set sing ¥, := ¥, \ reg X, is a closed set
with H"-measure zero.

By the second convergence in ii), for a.e. p >0

_ n . H™(XN Bg,,)
w(B,) = RELHOOH (XN B, = RELHOO R—Z

= lim

cwpp"t =1 0(2,00) - wyp". 69
Rioo wn(Ryp)” Wnp (2,00) - wpp (69)

Hence by the monotonicity formula (for critical point of the area functional among sets

of finite perimeter), we conclude that ¥, is a cone, i.e. A\X,, = X, for all A > 0. We

call ¥, a tangent cone to ¥ at co. In particular, by the classification of stable minimal

cones, as well as the minimality of X, we have that ¥, is a hyperplane if n +1 < 7.
By the first convergence in ii), we know that for any X € C!(R"™!; R"*1),

X - VEden — X - VEood,)L[n.

Sk reg Yoo

In particular let X = @e, 1 with ¢ being a test function, we get that

/ T S N (70)
Xk

reg Yoo

Since Y, is a graph, we always have (vg, , €,.1) > 0. Thus (70) implies that (vg_,€,11) >
0 on regY.. On the other hand, recalling the discussion about the second variational
formula and that n(x) := (vg_(x),e,.1) is a Jacobi field, namely As_n + |As_|[*n =0
on reg Y. In particular Ay_n < 0, namely 7 is a non-negative super-harmonic function.
Hence for any B that intersects reg Y., either n =0 on B or else infgn > 0.

By (68), for any o > 0, we have

suppg . U . infp , u
— A toeo, 1Er;1fuRk— B N\, —o0. (71)

sup up, = = 7%
PRy Ry, Ry,

o

Then by the maximum principle for quasilinear elliptic PDE we have

max u +00 min u —00.
o8B, Ry /( ) 0B, Ry \(
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Hence for any ¢t > 0, both {ug, > t} N 0B, and {ug, < t} N OB, are non-empty for k
sufficiently large. In particular there exists zx € 0B, such that ug, (zx) = t. Modulo
passing to a subsequence z; converges to z; € 0B,. Hence (z,t) = limy o0 (2x, ur, (21) =
t) € Yo by Theorem 5.15. Since ¥, is a cone, it follows that (Az;, At) € X, for all A > 0.
In other words, for any s > 0, the point

(izt,s) = (A2, At) € £,  where ’%‘ = % — 0 ast — +o0.

This implies that (0, s) € ¥, for all s > 0. Analogously we can also show that (0, s) € ¥
for all s < 0. Therefore the line L := {te, 1 :t € R} C X.

Let y € L and B be a ball centered at y. Assume for contradiction that infgn > 0. By
the definition of 7 this implies that reg >, is a Lipschitz weak solution to the MSE in B.
This is a contradiction with the vertical line L C ¥, = supp up,, = reg .. Therefore
n = (VE,,ent1) = 0 everywhere on reg ¥.,. Since ¥, has no boundary, this implies that
it is invariant under translation in the e, -direction, and therefore £, = U x R where
U is a perimeter minimizing cone in R", ¥ = C xR and C' = 9U.

It remains to show that C' is not a hyperplane. This can be easily ruled out if Q = ()
and that ¥ is complete: If C' is a hyperplane, then ¥, = C x R has density 1, and thus
it follows by (69) that (3, 0c0) = 1. Since (X, z,0+) = 1 for any = € reg X, by the
rigidity of the monotonicity formula > must also be a hyperplane, which falls into the
first alternative.

When Q # () we argue as follows. Suppose for the sake of contradiction that C is
indeed a hyperplane H in R™. To fix notation we identify

R" = {(2',x,) : 2’ € H,x, € R}.

Again by Allard’s regularity theorem, if a tangent cone to ¥ at oo, given by H x R, .1,
is flat, then away from a compact set ¥ is a C1*graph over H x R,,;. Namely, there
exist R > 0, a function h defined on (H x R) \ Bg, and a compact set in R"*! such that

Y\K = {(yl? h(y,ayn)ayn) : (y/a Yn) € R \ Br};

moreover h satisfies
\h(y)| + yl|VA(y)| < Cly|' (72)

for some a € (0,1) in R™\ Bg. In particular, the minimal hypersurface ¥ is the graph of
h over H x R, \ Bg, and thus h satisfies the MSE. Since ¥ is also the graph of u over
R = H x R,,, we have that

h(z' u(x', z,)) = x, (73)

whenever they are defined.

In particular (73) implies that u(a’, -) is injective for each 2’ fixed. Then u(z’,-) must
be strictly increasing or decreasing for all 2/, because if not, by the continuity of u we
can find some xj, at the interface such that u(xy,t;) = u(xp, ta) for some t; < t5. Assume
without loss of generality that it is strictly increasing, and thus d,u > 0 everywhere. Since
(73) implies that d,u(x) - 9,h(y) = 1, it follows that 9,h > 0 everywhere. Moreover, we
also have u(2/,te,) / 400 as t / 400, otherwise h is not well-defined at a finite point
by (73). By (72) |Vh| is uniformly bounded near oo, so by the elliptic theory VA has a
finite limit as |y| — oo. Taking derivatives of (73), we obtain that Vu also has a finite
limit as |z| — oo, and we fall into the first alternative. Therefore C' must have singularity
in the second alternative.
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7 Example of non-trivial global minimal graph

Bombieri-De Giorgi-Giusti constructed a non-trivial global minimal graph modelled on
the Simons cone. Later, Simon constructed non-trivial global minimal graphs modelled
on any strictly minimizing isoparametric cones with isolated singularity:.

Theorem 7.1. There exists a global solution u to the MSE in R® such that the tangent
cone to Graph(u) at oo is C' X R, where C' = C** as in (37).

Proof. We first observe the Simons cone has O(4) x O(4) symmetry, so we aim to construct
a solution that respects such symmetry: For (z,7y) € R* x R%, let s = |z| and t = |y,
and we look for solutions of the form u(x,y) = F(s,t) for some function F' defined on
the first quadrant

T :={(s,t) e R*:5>0,t > 0}.

Denote
Ty :={(s,t) eR?: 0 < t < s}, Ty :={(s,t) €R*: 0 < s < t},

which corresponds to the orbits of the two connected components of R® \ C** under the
O(4) x O(4) group action. To build intuition, we remark that we use the convention the
component 7; corresponds to the inside of C**, denoted as S (which is also the interior
of E in the proof of Theorem 6.1). Under this new variables, the MSE becomes

F, F,
H(F) = (1+ F2)Fyy + (1 + F2)Fy — 2F,FiFy + 3 <? + f) (14 F2 4 F2) —0.

The idea of the proof is to construct two barriers Fi(s,t) and Fy(s,t), such that
0<F1<F21HT1, F2<F1<01DT2, FleQIOWhGIlS:t, (74)
and
H(F1> > (0 in int Tl, H(Fl) < 01in int TQ, F1<S,t) = —F1<t,8), (75)
H(FQ) < 0in int Tl, H(FQ) > (0 in int75. (76)

Suppose such barriers exist. Then let u;(z,y) = Fi(s,t) for i = 1,2. For any R > 0,
let u(®) be the solution to the Dirichlet problem

. Vu . .
div <\/ﬁ> = 0, m BR

U = uq, on 0Bg.

The uniqueness of the solution indicates that u(®(z,y) must agree with some F® (s, ¢);
moreover, the symmetry of F in (75) indicates that u(® = 0 on dS. By the comparison
principle for quasilinear elliptic PDE (see for example [GT, Theorem 10.1]), we have

0 < <uf <, in BN S,
uy < u® <y <0, in Bg\ S.
In other words,
fw < [u®| < ugl,  in B,
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For any p > 0 fixed, for R sufficiently large, by the interior gradient estimate we have

sup [Vu'| < Crexp [ Cy | 1+ sup uP < Crexp | Cy | 1+ sup us ,
By Bpt1 Bpt1

where the right hand side is independent of R. Therefore by Arzela-Ascoli theorem we
can extract a subsequence from u(®) which converges uniformly on compact sets of R® to
a function u, which also solves the minimal surface equation. Moreover |u| > |u;| in RS,
so u is not a hyperplane as long as u; has superlinear growth.

Bombieri-De Giorgi-Giusti constructed the barriers

Fi(s,t) = (s = 2)(s* + 1?)2,

A—1
z 00 dr
H(Z)—/O exXp <BA/| W) dy,
21 4

where 5 < A < 3 and A, B are sufficiently large, which satisfy the desired properties.
By another change of variables

2 —t?

52 412

N[

1+ (s> +t%)

Fy(s,t)=H {(s2 )

32—t2

2 | 42
ri=3: [ = ,
* P=aie

we can rewrite
Fy=pri, Fy=H(pr+g(p)rs), where g(p) =p+ Ap

The exponents 1 and 3 of » = |(z,y)[* comes from the first eigenfunction of the Jacobi
operator of the Simons cone, and the level sets {F} = ¢} foliate S. O

We also briefly sketch Simon’s argument, which applies in more general settings, but
requires more PDE analysis. Let ¥ := C N S"! be the link of the cone, and that
separates the sphere into two connected components U, and U_. Let u, € C?*(B;(0) U
U, UU-) be the solution of the MSE in B;(0) with boundary data

. k, on U+,
YT —k, onU_.

Clearly uy respects all the symmetries of the cone, and that uxy = 0 on C'N By(0). For
any p € (0,1) fixed, we can show supg o) |[Vug| — 0o as k — oo; and Vuy(0) = 0 by
symmetry. Choose py € (0,1) such that

sup |Vug| =1, |Vu,| < 1in B, (0).
Bp,,(0)

Note that we must have pp — 0. We define

ve(x) == uk(pkx)’ for x € BPEI(O).

Pk
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Each vy, solves the MSE in Bpgl(O) and

vr(0) =0, Vur(0) =0, ;u(g) |Vug| = 1.

Modulo passing to a subsequence, vy converges locally in C? to a function v € C?(2) that
solves the MSE in some domain Q, with Q D B;(0) and 92N C = 0. Either Q = R",
then v is a global solution to the MSE and we are done. Or 02 consists of two connected
components Y4, where ¥ is a hypersurface in UL respectively and that v(z) tends to
+00 as = tends to Y.. In this case, we can show that ¥, are minimizing hypersurfaces,
and thus they must be leaves of the Hardt-Simon foliation, so their asymptotics towards
C at oo are known explicitly: ¥y \ Bgr = Graph hy where hy(rf) = cr=" + L.O.T. for
some explicit —v; < 0. This indicates that

Graph(u) \ (Bg x R) = Graphg, g w,

for some w defined on a unbounded subset of C' x R, such that w solves the minimal
surface equation on C' x R.
Moreover €2 = R", and that the tangent cone to v at oo is C' x R.

8 Precise asymptotics of non-trivial minimal graph
modelled on some C' x R

We have seen that a global solution u to the MSE is affine if its gradient is bounded at co.
In fact, by the work of Caffarelli-Nirenberg-Spruck, Esker-Huisken, and Nitsche, this con-
dition can be relaxed: u is affine if |Vu(z)| = o(|z|2), or |Vu(z)| = o ( |z|2 + |u(x)|2>,
or |Vu(z)| = O(Jz|*) with p < 1. These results also give lower bounds for the growth
rate of |Vu|, for non-trivial solutions. In fact, given some information on the tangent
cone of Graph(u) at oo, the growth rate for |Vu| can be further identified. The following
theorem is proven in [Si2, Theorem 5].

Theorem 8.1. Suppose u € C*(R™\ Q), Q bounded, is a solution to the MSE, such that
Graph(u) has a tangent cone C' x R at oo, with sing C' = {0} and C' strictly minimizing
and strictly stable. Then for each € > 0, there exists ¢ = c(e,u) > 0 and Ry = Ro(e, u)
such that

Vu(@)] < ez, fu(@)] <" for all |z] > R,
and there is a sequence x; with |x;| — oo such that
Vo) > a7 fulay)] > oy
Here v1 = v1(C) > 1 is an explicit constant determined by the cone C.

Remark 8.2. The exponent v; = 2 when C' = C** is the Simons cone.

We first explain where the exponent v, (C') comes from. Suppose M is an m-dimensional
minimal hypersurface in R™*!. We aim to deduce the linearization of the mean curvature
on M. To that end, consider a continuous family of deformation u; : M — R™*! with
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initial velocity % } iUt = hv, such that each u;(M) is also a minimal hypersurface. Here
v is the unit normal vector to M and h is a function on M. Then

d

0= 2l

Hut(M) = AMh + |AM|2h
In other words, any continuous family of minimal hypersurface near M is given by a
function A in the kernel of the Jacobi operator Ly = Ay + |Ax|?. In particular, when
M is a cone C' with smooth link ¥ := C'N'S™, the kernel of L can be further analyzed
using the separation of variables.

Consider functions of the form h(x) = f(r)g(6), where x € C, r := |z| and 0 :=
x/|z| € S™. Then

Lch = Ach + |Ac*h

_ TWL% <7~m1§h> + %Azh + T%|Ag|2h
= 7' 0990) + "L (9(0) + N2 Avg0) + " 1)gt6)

= (700 0 AT ) 00+ (a0 + 14sP) + 290 T

r2

This means that if ¢ is an eigenfunction of the operator Ly, := Ax+|As|* with —Lxg = g,
then h(r,0) = r7g(0) is in the kernel of L¢, where y(y +m — 2) = A, namely

m— 2 m—2\>
=+ _— .
Y+ 5 \/( 5 ) +

By the standard elliptic theory Ly, has discrete spectrum

M <A< A< < oo

and we denote the corresponding exponents 7;[.

In particular when C' = C? is the Simons cone, we have seen in Theorem 3.10 that
|As|> = m — 1. Then the first eigenvalue of —Ay — [Ag|? is Ay = —(m — 1), with the
corresponding eigenfunction being the constant function. Whenever

m—2\> m—2\>
T +)\1: T —(m—1)20<:>m27,

the above discussion holds and that eri is the only kernel element in Lo with a sign.
Recall we have seen how the above quantifier is related to the stability of the Simons
cone in the proof of Theorem 3.10.

In Theorem 8.1, the cone C'is a m := n — 1 dimensional minimal /minimizing hyper-
surface in R™. Let 3 := C'NS™! be the smooth link of C, and let A\;(C') denote the first
eigenvalue of —Ay, — |Ax|?. Then the exponent
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Whenever C' is singular, ¥ is a minimal hypersurface in S*~! that is different from the
equator S"72. Simons showed that |Ag|*> > n — 2, with equality if and only if ¥ is the
link of a Simons cone. Hence A\;(C) < —(n — 2), and

vl(C)Zn;?’—\/(ng3)2+A1(C)zn;3—\/<n53>2—(n—2)
>ng3_\/<n;3)2_(n_4)

With a lot more work, the above linear analysis hints at the following asymptotics
(77), for the nonlinear problem of studying minimal hypersurfaces lying on one side of a
cone.

Theorem 8.3 (Hardt-Simon foliation). Let C' be a minimizing (and strictly stable*)
hypercone in R™™Y and let U be either one of the connected components Uy of R™T1\
C. There is an oriented connected embedded complete real-analytic hypersurface S C U
with S being the boundary of a perimeter minimizer E, E C U, and dist{S,{0}} = 1.
Moreover,

i) for any & € U, the ray {\§ : X\ > 0} intersects S in a unique point, and the
ntersection s transverse;

i) there exist R > 0 and a C* function v on C'\ By such that
S\ Br = Graph(v) := {z + v(z)vc(z) : © € C'\ Br},
and v has the asymptotics
either v = crﬁgl + O(r”lto‘), orv=cr’t g +O(r" ~%), (77)
as r — 400, with some constant ¢ > 0;

i) if T is the boundary of any other perimeter minimizer F for some F C U, then
either T'= C or T is some rescaling of S.

If in addition C' is strictly minimizing, then v has the slower decay rate O(r71+) at 0o.
Moreover, for any non-negative function h € C}(S) and any € sufficiently small, there are
positive solutions w® € C*(S) of Mgw® = —eh, and furthermore limsup,_,, w®/r" <
+00.

The precise asymptotics in Theorem 8.1 comes from the fact that the level set .S, :=
{z € R"\Q : u(z) = y} is very close to the rescalings of one of the Hardt-Simon foliations
S+ in Theorem 8.3, depending on y > 0 or y < 0.

141f we do not assume strict stability, the exponents 7" = v; = —mT*Q and the possible asymptotics

in (77) are O(r_mTf2 logr) or O(r_msz).
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Proposition 8.4. Suppose u € C*(R"\ Q) is a solution to the MSE, with 2 open and
bounded, and Graph(u) has a tangent cylinder C xR at oo with sing(C) = {0}. Then C x
R is the unique tangent cylinder of Graph(u) at oo, and on the two connected components
Uy of R™\ C we have

lim

7—00 T

u(rw) [ 4oo, ifweSINU;,
] —oo, fweSinU_,

where the convergence is uniform on compact subsets of S* ' N U..

Furthermore
lim inf |Vu(rw)| = oo, (78)
r—00 wesSn—1

and for any given € > 0, there is y(€) > 0 such that if y > y(e) (y < —y(e)),

S

Wi{o}) is within e-distance of Sy (resp. S_) in the C? sense. (79)

Finally, the length of the second fundamental form A of Graph(u) satisfies

— forx € R™"\ Q, (80)

and the gradient function h := \/1 + |Vu(z)|? satisfies the Harnack inequality

sup h<c inf h, (81)
B,(X0)NGraph(u) By(X0)NGraph(u)
where Xy = (xg, u(zo)) and p > 0 such that |xo| > 2p + diam .

Definition 8.5. Let 51, .55 be two complete embedded hypersurfaces. We say S, is within
e-distance of S; in the C? sense if

Sy = Graphg, (1) = {z + n(x)vs, () : v € 51}
where vg, is a unit normal vector for S;, and n € C?(S;) satisfies

T
crim s (o) 4 a9 ) < e
€51\ {0} |z

The definition of the C? norm is to guarantee it is invariant under rescalings.

7]

Proof. We prove (80) and (79). The control on the second fundamental form (80) is
a quantitative property related to the assumption that sing(C') = {0}, which roughly
speaking implies that the curvature should blow up according to the blowup rate of a
regular cone. The statement (79) on the level set indicates that the asymptotics of u
near oo follows from the asymptotics of the Hardt-Simon foliation S, which is given by
77 . The Harnack inequality (81) follows from the fact that v, = 1/y/1 + |Vu(z)]? is
a Jacobi field (recall similar argument in the proof of the interior gradient estimate in
Theorem 2.6), as well as connectedness.

Assume (80) is false, then there exists a sequence x € R™ \ Q with |zx| — oo such
that

|| - [A(zk, u(zy))| = oo.
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Let G} denote the graph of the function vy, defined as

u(Apx) — u(zy)

Ak ’
In other words, Gy, is the image of G under the map X +— (X — pgeni1)/Ag, where
pr = u(xy). The translation by pge, 1 is to guarantee that no matter py is bounded
or blows up, we do not lose them after passing to the limit. By similar argument as in
the proof of Theorem 6.1, we have that modulo passing to a subsequence G} converges
to a minimizing hypersurface H. If u; is bounded, since C' x R is the unique tangent of
Graph(u) at oo, we have H = C' x R. If y;, blows up, assume without loss of generality
that 1, — +o00. We claim that H C U, x R.

Since Graph(u) \ (Br x R) is graphical over C' x R for some R large, Sy \ Bpg is a
smooth embedded hypersurface that tends to C' asymptotically. Hence R™ \ (Sy U Bg)
has two unbounded connected components, denoted as Vi, which tends to Uy near oo
respectively. Moreover, each level set S, also tends to C' near oo, so it only has one
unbounded connected component which lies in V; or V_ depending on the sign of y > 0
or y < 0. It also can not have a bounded connected component by the maximum principle,
if |y| > supyq |u|. Therefore S, is connected and S, C V4 if y > 0.

Let a € R be fixed. Then for any z such that Az € Sy, )tar,, We have vp(2) = a,
namely (z,a) € Gy and {z} x (—o00,a) C SGraph(vy). On the other hand, if u(zy)/ A\ —
+00, we have u(zy)+aXy — oo. If u(xy) /Ay — M for some M € R, then for any a > —M
we have u(xy) +a), — o0o. In both cases, by the discussion above Az € Sy(z,)+ar, C V4
Since V. /Ay — Uy, it follows that {v;, = a} C U, either for alla € R or for all a > —M.
Therefore the limit H of G, satisfies H C U, x R.

Recall that Gy — H locally in the Hausdorff distance sense in R"*!\ {0} x R. Since
(zx/|71],0) € Gy, for each k, modulo passing to subsequences we have xy,/|xy| — zg € S*1
such that (x¢,0) € H. By similar argument as in the proof of Theorem 6.1, either H is a
vertical cylinder of the form H; xR, or else H is the graph of a minimal surface equation w
over a unbounded domain ., C R", such that |w(z)| blows up as z — 0. In the first
case, we have that H; is minimizing and H; C U,. So by the uniqueness in Theorem 8.3,
either H; = C or H; is equal to a rescaling of the foliation S, . In either of the three cases
we always have that zo € HNS" ! is a regular point, i.e. 2y € reg H. So in a neighborhood
of xp, the sequence G converges to H in the classical sense. This is a contradiction with
Gr 2 (x/|zk],0) = (20,0) and |Ag, (xr/|zk|,0)| = |zk| - |A(zk, u(zk))| = co. Therefore
(80) is proven.

vg(x) == with Ay := |zg| — oo and z € R™ \ (Q/ry).

Now let 0+ be points in S*~! N Uy respectively, and let ¢ > 0. We claim that there
exists K = K (e, u,0+) such that if [Vu(rfy)| > K, then Sy(rg,)/ dist(Syre.),0) is within
e-distance of Sy in the C? sense, and [Vu| > ¢! on Sy(9,). This, combined with (78),
will give (79). Assume the statement is false for some 6, namely there exist ¢ > 0 and
a sequence ry with |Vu(rif;)| > k, such that one of the conclusions is false. Firstly the
assumption |Vu(rif;)| > k implies that r;, — oo.

We consider the rescaling

u(rgr) — u(rgfy)

vg(x) = o ) G}, = Graph vg.

In other words, G is the image of G under the map X — (X — u(rx0)ent1)/rr. Then

S'LL T
k
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By the same argument as in the proof of (80), we can show that G} converges to H C
U, x R. Since (6,,0) € G}, and |[Vu(fy)] — oo, H can not be a minimal graph
or C xR. So H = S} x R, where S} is a rescaling of S, and \ is chosen so that
0, € Si. In particular, for k sufficiently large SF is within e-distance of S;\L in the C?
sense. By the Harnack inequality (81), we can show that inf Sk |Vur| — oo, and thus
inf Su(ryos) |Vug| — oo, contradicting the second hypothesis. On the other hand,

dist(Sy(re0,),0) = 75 dist(Sg, 0) =2 7y, dist (573, 0),

so by the scale-invariance of the C%-norm,

Su(?“k0+) _ Tk k S(I)C

= St~
dist(Su(re0.),0)  dist(Su(ree,),0) 0 dist(S%,0)

is within e-distance of 5.
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